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ELASTIC  CONSTANTS FOR BENDING AND TWISTING  OF 

CORRUGATION- STIFFENED PANELS* 

By W. Jefferson  Stroud 

Theoret ical   formulas   for   f ive  or thotropic   e las t ic   constants   associated  with 
pure  bending  and  pure t w i s t  are  presented  for a corrugation-stiffened  panel.  The 
cons tan ts   a re   the   bending   s t i f fnesses   para l le l   to  and  normal to   the   cor ruga t ion  
d i rec t ion ,   the   twis t ing   s t i f fness ,  and the  Poisson 's   ra t ios   associated  with 
bending. The formulas are given i n  terms  of  the  dimensions o f  the  corrugation 
pat tern  for   the  general   case of different   corrugat ion and cover-plate  materials. 
Bending s t i f fnes ses  measured on panels  with  three  different  corrugation  patterns,  
and twis t ing   s t i f fnesses  measured on panels  with two different   pat terns ,  compare 
favorably  with  the  theoret ical   resul ts .  

INTRODUCTION 

A type  of  structural   panel  used  in the skin  of  the X-13 and having  potential  
use for   the  skin  of   hypersonic   a i rcraf t  and reentry  vehicles   consis ts  of a corru- 
gated metal p l a t e   a t t ached   t o  one side  of a f l a t  metal   plate.  Such a panel may 
be  thought  of as a plate   s t i f fened  by  corrugat ions and i s  r e f e r r e d   t o   i n   t h i s  
report  as a corrugation-stiffened  panel.  This type  of  st iffened  panel i s  easy   t o  
f ab r i ca t e  and for   those  appl icat ions where the  primary  load-carrying  function 
requires  a high  bending  s t i f fness   in  one direct ion,  it provides   an  eff ic ient   use  
of the  mater ia l .  I t s  main disadvantage i s  tha t   t he   bend ing   s t i f fnes s   i n   t he  
o ther   d i rec t ion  i s  extremely s m a l l .  Thus it may be  suscept ible ,   in  some applica- 
t ions ,   to   undes i rab le   e f fec ts  such as pane l   f l u t t e r .  

In  o rde r   t o   p red ic t   t he   s t ruc tu ra l   cha rac t e r i s t i c s   o f  a corrugation- 
st iffened  panel ( i t s  pane l - f lu t t e r   cha rac t e r i s t i c s  as w e l l  as i t s  load-carrying 
abi l i ty) ,   information i s  needed  about the  elastic  constants  of  the  panel.  These 
constants   def ine  the  res is tance of a loaded  panel  to  deformation. A s  discussed 

*art of  the  information  presented  herein was included  in a t h e s i s   e n t i t l e d  
"The Bending  and Twisting  Stiffnesses  of  Corrugation  Stiffened  Panels"  submitted 
in  partial   fulfi l lment  of  the  requirements  for  the  degree  of  Master  of  Science 
in  Ehgineering Mechanics, Virginia  Polytechnic  Institute,  Blacksburg,  Virginia, 
June 1962. 
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in   re fe rence  1, i n  which corrugated-core sandwich panels  are  considered,  the con- 
s tants   include two t ransverse  shear   s t i f fnesses  

nesses DX and Dy, a twi s t ing   s t i f fnes s  Dw, two s t re tch ing  moduli Ex and 
%, a shearing modulus GwJ two Poisson’s   ra t ios  px and py associated  with 
bending,  and two Poisson’s   ra t ios  p t X  and p ly  associated  with  stretching. 

DQx and DQY’ 
two bending stiff- 

In  the  present   paper   the  f ive  e las t ic   constants   associated  with  pure  bending 
and pure t w i s t ,  DX, Dy, Dxyr px, and p , are considered. Formulas are  given Y 
for   these  f ive  constants   in   terms  of   the  dimensions  of   the  corrugat ion  pat tern 
for   the  general   case  of   dif ferent   corrugat ion and cover-plate materials. Theo- 
re t ica l   va lues   o f  DX, Dy, and Dw are compared with  experimental  values  for 
three  corrugation  patterns.  For  each specimen tes ted,   the   cover-plate   mater ia l  
was the  same as the  corrugation material. 

SYMBOLS 

A area enclosed  by  corrugation  cell  

dimensions  of  corrugation  pattern (see f ig .   2 )  

J 

constants  in  solution  of  differential   equation  in  appendix D 

p l a t e   s t i f fnes s   pe r   un i t   w id th ,  E t  i n -   l b  

bending  stiffnesses  per  unit  width  of a beam cut from orthotropic 
pane l   in  x- and y-directions,   respectively,   in-lb 

twist ing  s t i f fness   of   uni t -width and unit-length  element  cut from 
orthotropic   panel ,   wi th   edges  paral le l   to  x- and  y-axes, in-lb 

beam bending  st iffness  in  y-direction  per  unit   width  for  sement 
of  panel  of  length 2b (def ined   in  eq. (B lg ) )  

beam bending  st iffness  in  y-direction  per  unit   width  for segment 
of  panel  of  length  2a  (defined  in  eq. (B27) ) 

Young’s  modulus, lb/sq  in.  

shear modulus, lb/sq  in .  

quantity  associated  with  shape  of  corrugation  (defined  by  eq. (B12)) 

moment of   iner t ia   per   uni t   width,   in .3  
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area moment of   iner t ia   per   uni t   width  of   cross   sect ion,   in .  3 

torsion  constant  per  unit   width  of  cross  section,  in.  3 

curvature   in   x-direct ion 

moment per  unit width,  in-lb/in. 

r e su l t an t  bending-moment i n t e n s i t i e s   i n  x- and y-directions, 
respectively,   in-lb/in.  

r e su l t an t  twisting-moment intensi ty   with  regard  to  x- and 
y-directions,   in-lb/in.  

in teger  

in-plane  load  per  unit   width  acting on corrugation and cover  plate 
at weld l ine ,   lb / in .  (see f ig s .  13 and 15) 

radius   of   curvature   in   y-direct ion,   in .  

coordinate measured along  center  l ine  of  sheet making  up corrugation 
ce l l ,   in .  

thickness,   in.  

s t ra in   energy due t o  bending,  in-lb 

displacements  in x-, #-, and radial d i rec t ions  of middle surface of 
a cyl inder ,   respect ively 

funct ions  ar is ing from integrat ions  (see  eqs .  (m) and (DlO), 
respect ively)  

displacement  in  z-direction,  in. 

quantity  associated  with  shape  of  corrugation  (defined  by  eq.  (B14) ) 

coordinate,   measured  parallel   to  corrugation  direction,  in.  

coordinate,   measured  parallel   to  cover  plate and perpendicular   to  
corrugation  direction,  in.  

coordinate,  measured  perpendicular t o  cover  plate,   in.  

dis tance from outer   surface of cover   p la te   to   neut ra l   ax is   o f  
segment of  length 2a, in .  

shear   s t ra in ,   in .   / in .  

extension of elements 
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E s t ra in ,   in .   / in .  
- e angular  coordinate  for  elements €32 and DE; from B t o  C f o r  ele- 

CL Poisson's  ratio  of material 

ment BC, from D t o  E f o r  element DE, radians ( see f i g .  13) 

Px7 Py Poisson 's   ra t ios   associated  with  curvature   in   y-direct ion  caused 
by M, loading  and  with  curvature  in  x-direction  caused  by My 
loading,  respectively 

Px1 Po i s son ' s   r a t io   i n   x -d i r ec t ion   fo r  segment of panel  of  length 2b 
(defined  by  eq. (D52) ) 

Px2 Poisson ' s   ra t io   in   x -d i rec t ion  f o r  segment of  panel  of  length  2a 
(defined  by  eq. (D55)) 

E distance measured along  element CD, i n .  (see f ig s .  13 and 15) 

z quantity  associated w i t h  material and  shape of corrugation 
(defined  in  eq.  (D43) ) 

0 s t ress ,   Ib / sq   in .  

B angular  coordinate measured  clockwise  from the ver t ical ,   radians 

A707.Q quantit ies  associated  with  shape  of  corrugation  (defined  in 

(see f i g .  15) 

eqs. (D41) and (D49) ) 

Subscripts : 

C re fe rs   to   cor ruga t ion  

exp experimental 

P refers t o   p l a t e   t o  which corrugation i s  welded 

t h   t h e o r e t i c a l  

X r e f e r s   t o   x -d i r ec t ion  

Y refers to   y -d i r ec t ion  

6 refers to   6 -d i r ec t ion  

er refers to   c i rcumferent ia l   d i rec t ion  

1,2,. . . 5 refers to   ex tens ions   in   y -d i rec t ion  of  elements AB,BC,. . . EF, 
respect ively 

4 



THEORETICAL RESULTS 

The d i r ec t ions   fo r  Mx, My, and Mxy - 
and,  consequently,   the  directions  for 
DX, Dy, and Dxy - are   ind ica ted   in  
f igure  1. The s t i f fnes ses  &, %, 
and Dxy are   associated  with  the 
resu l tan t  moments M,, My, and Mxy, 
respectively.  When the  transverse  shear 
s t i f f n e s s  i s  assumed i n f i n i t e ,   t h e  d i f -  
f e r en t i a l   equa t ion   fo r   l a t e ra l   de f l ec -  
t i ons  of an orthotropic  panel  consistent 
with  these  def ini t ions of t h e   e l a s t i c  
constants i s  

%Y 

Figure 1.- Typical corrugation-stiffened 
panel. 

9 lateral load, lb/sq  in .  

N,,N~ i n t e n s i t i e s  of resu l tan t  n o m  fo rce   ac t ing   i n  X- and y-directions, 

Nw 

respectively,   lb/in.  

i n t e n s i t y  of resultant  shearing  force  in  xy-plane,   1b/in- 

Derivations  of  theoretical   expressions  for  the three s t i f fnes ses  DX, Dy, 
and Dxy and the   Poisson ' s   ra t ios  px and py for  cross-section  shapes of the  
type shown in   f i gu re  2 are  outl ined  in  appendixes A, B, C, and D for   the   genera l  
case  in which the  cover-plate material and corrugat ion  mater ia l   are   different .  
For easy  reference, results fo r   t he   ca se   i n  which the  cover-sheet and corrugation 
mater ia l   a re   the   swe  a re   g iven  by the  following  expressions: 

5 



I 

For the  bending  s t i f fness   in   the  x-direct ion:  

DX = ET 

where E i s  t h e  Young’s modulus of   the  panel  material, - 

+ 2tce1rl2sin 8 + e12rletc + t C  - k3sin28+ k t  3 cos28 + j + k s i n  8 - T) kt, 
2 

12 12 2 

and 

e 

e 
y =  

tp(b+a) + ( a+ i ) t c  + q e t ,  + k t c  + r2Btc + g t c  

All the  symbols on the  right-hand  sides  of  equations  (2) and (3 )  are dimensions 
shown in   f i gu re  2. 

In   par t icular ,   note  from f igure  2 
t h a t  

el = y - r1 + tp + k) - (  2 

e2 = d - (rl + r2 + el) 

j = rl(l - cos e )  

n = d - r2(1 - cos 0)  

(0 .0  if single weld line) .y*j-.< 
Center of weld lines ---.h 

Figure 2.- Dimensions of corrugation 
cell. 

Throughout t h i s   r epor t ,   t he   subsc r ip t  c refers t o  the  corruga%ion and the  
subscript  p refers t o   t h e . p l a t e   t o  which the  corrugation i s  attached. 
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For  the  bending  st iffness  in  the  y-direction: 

% =  a + b  
b 

where 

In  equations ( 9 )  and (lo), p i s  the  Poisson 's   ra t io  of the  panel  material ,  

=c3 
Dc = '"> 

=P3 
%=- 

and 

where 

2 
2 

r12( 0 - s i n  0 )  + j k  + b s i n  0 + r2(n0 - r20 cos 0 + r2 s i n  0) + gd 
H =  

+ j2k + jk2sin 0 + - k3  sin20 + r2n28 - 2nr22e cos 
4 3 

3e - 3 s i n  e cos e - 2e sin2e) + gd2 

(14) 

The quant i t ies  px and py are defined  subsequently  but  the  product pxpy i s  
usual ly  small compared with  unity and  can  be  neglected in   t he   ca l cu la t ion  of DY' 
and Dy". 



For t he   tw i s t ing   s t i f fnes s :  

where G i s  the  shear  modulus of the  panel  material and 

For  Poisson's  ratio  associated  with  curvature  in  the  y-direction  caused by 
Mx loading : 

where 

Pxl = 
-HZ 

% X + b  
DC 

and 

cot 8 l e l  + rl cos e) c = I-1. (el + rl) + rlel s i n  e + r12sin e cos e + - 2 
2 

- (e2 + ' 2  cos 0)2]  - r2e2  sin 8 - r22sin 8 cos 8 - g(e2 + re) - b 

For  Poisson 's   ra t io   associated  with  curvature   in   the  x-direct ion  caused by 
My loading,  the  following  relationship,  which  can  be  derived from the  theorem  of 
r ec ip roc i ty   ( r e f .  31, i s  used: 

DY 
Py = Px D, 

In  the  derivation  of  equations (1) and (l5), the   panel  w a s  considered t o  
be made up of a se r i e s   o f   ce l l s  or thin-walled  tubes.   In  addition,  for equa- 
t i o n  (l5), the  angle of t w i s t  of each  corrugation  element was considered t o  be 
equal   to   the   angle  of t w i s t  of the  panel as a whole. 
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EXPERIMENTAL V E R I F I C A T I O N  OF THEORY 

General 

The values  of DX, D and D were determined  experimentally  for  three 
Y' XY 

corrugation  patterns - t h e  small vee, the  large  vee,  and the square - shown i n  
f igure 3. A t o t a l  of  nine  panels were tested. Each panel  had a nominal  depth 
of 1/2 inch. The small-vee  corrugation  had a nominal p i t ch  of 1/2 inch;  the 

large-vee and the  square  corrugations 
each  had a nominal p i t ch  of 1 inch. 
The variat ion  in   depth and p i t ch   fo r  a 
specimen did  not  exceed *4 percent 
except   for   the edge  corrugations. 
Some of the  panels were fabricated of 
AIS1 type 347 s ta in less   s tee l ;   o thers  
were fabr ica ted  of Inconel X. Spot 
welds of approximately  0.2-inch  spacing 
were used to   join  the  corrugated  plate  
t o   t h e  cover  plate. Both the  small-vee 
and the  large-vee  corrugations had s in-  
g l e  weld lines;  the  square  corrugation 
had a double weld l i n e  as indica ted   in  
f igu re  3. The mater ia ls  and  average 
dimensions of a l l  t he  test panels  are 
given  in table I. (The values of E 
and p for   type  347 s t a in l e s s  steel  
were obtained from ref. 4. The values 
of, E, G, and p for  Inconel X were 
obtained from ref. 5 .  ) 

.5" 

( a )  \"r 

( b )  \ " - r  
2 In  order  to  assess  the  importance 

of  Poisson's  ratio  in  the  determina- 
t i o n  of t h e  measured  bending stiff- 
ness ,   Poisson 's   ra t ios  

were ca lcu la ted   for   the  t es t  panels  by 
using  equations (17) and ( 2 0 ) .  These 
values   are   tabulated  in  table 11. 
Note that   the   product  pxpy is  less 

than 3 x 10-5 f o r  a l l  the tes t   pane l s .  
Since small values of t h i s  product are 

panels,  elementary beam theory  can be 
used in   t he   ca l cu la t ion  of s t i f fnes ses  

PX and Py 

i 
( C )  t y p i c a l  of  corrugation-stiffened 

(a) Small vee; rl = r2 = 0.05". 

(b) Large vee; rl = r2 = 0.14". from  measured  deformations of the  panel .  
( c )  Square; r1 = r2 = 0". 

Figure 3 . -  Corrugation shapes. 
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TABLE I.- AVERAGE DIMENSIONS OF EACH TEST PANEL 

Test  g, i, a, p, Corrugation 
panel  i n .   i n .   i n .  - in .  i n .   i n .  p a t t e r n  

AIS1 type 347 s t a i n l e s s   s t e e i :  - E  = 28.6 x lo6; p = 0.30 

Small vee 

0 0 .483O  .4630  .2490  .1390 .1120 1.000 Square 
.1380 .&TOO .4598 0 0 o 1.000 Large  vee DX 
0.0543  0.4900  0.4512 0 0 0 0.5290 

- - - - . . . 

Inconel X: E = 31.0 x lo6; G = 11.0 x lo6; c~ = 0.29 
- 

Small vee 

.1812 .01054  .01067 90.0 0 0 .563 .5063 .2488 .1330 .I150 .9930 Square 

.1514  .01065 .01068 53.26  .1450 .1450 .4750  .4474 0 0 o 1.000 Large  vee Dy 
0.1900 0.01064  0.01064 70.73 0.0520 0.0520  0.5040 0.4601 0 0 0 0.5000 

Small vee 0.5020 0 0 0 0.4555  0.4981 

.4960 0 90.00  .0106  .0106 .kg60  .2545  .1375 .lo60 .9960 Square .47y1450] o. 1'50152.95 1 .0106 1 .0106 I J;d; .4507 0 0 o 1.006 Large  vee Dxy 
0.1869 0.0106  0.0106 0.0520 70.37  0.0520 

~ _ _ _ _ _  

." ~~ ~ - ~ ~ ~~~ - - ~~ ~ - 

~~~~~ 

TABLE 11.- CALCULATED VALUES OF POISSON'S RATIOS FOR EACH TEST  PANEL 

Test  panel Corrugation  pattern 
- .  

DX 
Small vee 
Large  vee 
Square 

Small vee 
Large  vee 
Square 

Small  vee 

Square 

- - " , . . " ~ ~ 

DY 
~~~ ~- 

DXY Large  vee 

. . - 

px 

0 ;  141 
.156 
* 175 

0.130 

.169 

0.151 
.147 
.168 

.147 

. .  

Experimental  Verification of  Formula f o r  DX 

Specimens.- The three specimens - one with  each  of three corrugation 
pa t te rns  - used for   the   eva lua t ion  of DX were beams approximately 44 inches 
long and  approximately 6 inches wide with  corrugat ions  paral le l   to   the  long 
dimension, Each specimen was fabricated  of  type 347 s ta in less -s tee l   shee t  
which  had an  average  thickness  of 0.0150 inch  with a var ia t ion   in   th ickness  of 
f2 percent? 

Test apparatus and  procedure.- The test setup  with  pertinent  dimensions i s  
shown schematically  in figure 4. A photograph  of the  apparatus  with specimen 
is  shown in   f i gu re  5.  The beam was supported on  two knife  edges and  loaded a t  
t h e  ends so as t o   o b t a i n  a region  of  p.ue  bending moment between  supports. The 
supports were 28.47 inches  apart, and loads were appl ied  with  lead  shot   in  
increments  of:about 5 pounds t o  a maximum of  about 60 pounds. Deflections of 
the.beam were' measured at the   loca t ions  shown i n  figure 4 with dial gages 
having a s e n s i t i v i t y  of O.ooO1 inch.  In  order to  take  advantage of th i s   h igh  

10 



sens i t iv i ty ,   each   d ia l  gage was f i t t e d  
with a screw with which the  extension  of 
t h e  gage spindle  could  be  adjusted  until 
it just   touched  the  surface of t he  beam. 
This   posi t ive screw act ion  e l iminates   the 
e f f e c t  of  t he   i n t e rna l   f r i c t ion   o f   t he  

of  deflection measurements.  Contact was 
detected by  an e l e c t r i c   c i r c u i t  which 

,2=6.00" 

I d i a l  gage  and g ives   be t te r   repea tab i l i ty  

Figure 4.- Schematic  diagram of test setup 
used f o r  measuring DX. 

Figure 5.- Typical specimen and test setup used In  the  experimental   determination of DX. 

11 



where 

F load  applied at each end  of beam, l b  

2 distance between  load  and  support,  in. 

X S  distance from l e f t  support t o  any  station,  in.  

L dis tance between  supports,  in. 

W S  def lect ion at s t a t i o n  xs, in .  

C width  of beam, in .  

Equation  (21) was applied at three   s ta t ions :  xs = - ;, E, and - 2L "he three  

values  thus  obtained  differed from  one another by less than 2 percent  in  any tes t j  
the  average of the   three  values  was taken as &. (This  procedure i s  similar t o  
that used i n  ref. 1. ) 

3 '  

Discussion of resul ts . -  A comparison of the  experimental and theo re t i ca l  
values of & for the   three  corrugat ion  pat terns  are as follows: 

For  the small vee, 

(DX) exp = 42,220 _+ 200 in-lb 

= 42,230 in- lb  

For  the  large  vee, 

(DX) exp = 30, 170 _+ 120  in-lb 

(Dx)th = 30,280 in- lb  

For  the  square, 

A s  might  be  expected, t h e  results of t h e  tests f o r  DX compare very  favorably 
with  the  theoret ical   values .  The theoret ical   value  of  f e l l  within  the  range 
of  experimental  values  for  both  the  small-vee and the  large-vee  corrugation  pat- 
terns .  The theore t ica l   va lue  of & for  the  square  corrugation  pattern f e l l  
outside  the  experimental  range by less than 2 percent  (being  slightly  lower  than 
the  lowest  experimental  value). 

12 



Experimental  Verification  of Formula f o r  Dy 

Specimens.- The three panels  used t o  determine  the  experimental  values of 
Dy were 32 inches  long  and 6 inches  wide.  In th i s   case   the   cor ruga t ions  were 
normal t o   t h e  long  dimension  of  each  panel. Each specimen was fabricated of 
Inconel X sheet which  had an  average  thickness of about 0.0106 inch and a var ia-  
t i o n  i n  thickness  of +-3 percent. These tes t  specimens are shown in   f i gu re  6. 

Figure 6.- Three  specimens used in   v ibra t ion  tes ts  for measuring Dy. 

Test apparatus and procedure.-   Vibration  tests were  performed on three  
panels  in  order t o  determine  the  experimental  values  of Dy. Each panel was 

hung by 8-foot-long  nylon  cords  attached a t  the  first-mode  nodal  points  located 
22 percent  of  the  panel  length from  each  end.  This  arrangement  approximated 
free-free boundary  conditions and i s  shown schematically  in  f igure 7. The panels 
were vibrated  with  an a i r  shaker ( ref .  7 ) ,  a noncontacting  inductance  pickup was 
used to   de tec t   the   def lec t ions ,  and a recording  oscillograph  with a paper  speed 
of 7.5 inches  per  second was used t o  obtain  frequencies and maximum amplitudes. 

For each  panel,   several   natural   frequencies were obtained from  which values 
of Dy could  be  caiculated  with  the  use  of  the  following  equation: 



-rT T where 

I {  ..--Nylon cord 

Figure 7.- Test setup  used for 
measuring Dy. 

P mass per   uni t   length of  panel, 
lb-secz/in. 2 

03n natural  frequency  of  nth mode of 
vibrat ion of a panel, 
radianslsec 

pn a cha rac t e r i s t i c  number from beam- 
vibration  analysis  (numerical  
values of Pn were obtained 
from r e f .  8) 

C width  of  panel,  in. 

Equation  (22) i s  the  frequency  equation 
f o r  beam vibra t ion   in  which t h e  beam 
stiffness  has  been  replaced by t he  
quant i ty  cD 

Y' 

Discussion  of  results.- Comparisons 
of the  experimental and theo re t i ca l  
values of D f o r   t h e  three corrugation 

Y 
pa t te rns  are as follows: 

For the  small vee, 

by) exp 

(Dy) th = 8.53 in - lb  

= 8.73 t o  9 3 6  in-Ib 

For  the large vee, 

(Dy> exp 

(Dy)th = 11.26  in-lb 

= 11.12 t o  11.69 in-lb 

For t he  square, 

(Dy) exp 
= 9.89 t o  10.83 in-lb 

= 9.39 in- lb  

The experimental.  and theore t ica l   va lues  of Dy a re   a l so  shown i n  figure 8. 
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A s  shown i n   t h i s   f i g u r e ,   t h e  experimen- 
t a l  values  of Dy f o r  a pa r t i cu la r  
panel  varied  with  frequency. However, 
each of the  values  of Dy was repeat-  

able  within l$ percent.  Over most of 
the  frequency  range,  the  theoretical  
values  of Dy are  conservative,  those 

for  the  square  corrugation  being  the 
most conservative. 

- "" - - - - - - - Small vee 
Large  vee 
Square "- 

4 -  

- 

2 -  

- 

I I I I I I I I I I 
~~ ~ ~~~~~ 

0 20 40 60 80 100 
Frewency, cps 

Figure 8.- Experimental  and  theoretical 
values of Dy. 

Experimental  Verification  of 

Formula f o r  Dxy 

Specimens.- Each specimen  used f o r  
the  evaluation  of Dxy was fabricated 
of  Inconel X sheet which  had  an  average 
thickness  of  about 0.0106 inch  with a 
var ia t ion  in   thickness   of  *3 percent.  
A s  i n   t h e  tests f o r  DX and Dy, the  
three  specimens tes ted  represented  the 
small-vee,  the  large-vee, and the  square 
corrugation  patterns.  The panels  were 
about 18 inches  square. 

A s  was pointed  out  in  reference 3, when t e s t i n g  sandwich panels   to   de te r -  
mine tors iona l   s t i f fness ,   the   deformat ion  must  be r e s t r i c t ed   t o   pu re  twist. 
This   res t r ic t ion  means that the  panel  must deform i n  such a way t h a t  normals t o  
the  middle  plane  remain  normal;  that i s ,  no transverse  shear  deformation  can  be 
allowed.  This same requirement  applies  to  corrugation-stiffened  panels,  and it 
implies  the need f o r  two r e s t r i c t i o n s  on the  edges  of  the  panel: 

(1) The edges must remain s t r a igh t .  

(2 )  Each element  of  the  edge  cross  section  in  the  xz- o r  yz-plane must 
rotate  through  the same angle   ( the angle of twist of the  panel)  . 

For r e s t r i c t i o n  (11, the  two edges  paral le l   to   the  x-axis  are kept   s t ra ight  
during  tes t ing  by  the  corrugat ions  running  paral le l   to   the  x-axis .   In   order   to  
keep the   o ther  two edges  straight,  it was necessary   to   a t tach  aluminum p l a t e s  
along  the  edges of  t he   pane l   pa ra l l e l   t o   t he   y -ax i s .  These  edge p l a t e s  were 
s u f f i c i e n t l y   t h i n  so t h a t   t h e i r   t o r s i o n a l   s t i f f n e s s  was negl ig ib le   in  comparison 
with that of  the  panel.  The edge p l a t e s  were at tached  to   the  panels   with  screws 
cast   in to   plast ic   extending  into  the  ends  of   the  corrugat ion  cel ls   about  3/4 inch. 
The screws  were  inserted  through  holes  in  the  edge  plates,  and nuts  were mounted 
on the  screws t o  a l low  the  plates   to   be  t ightened  against   the   corrugat ion  cel ls .  
The t igh tness  of these   nu ts   in  some cases  plays a s igni f icant   ro le   in   the   ach ieve-  
ment of r e s t r i c t i o n  ( 2 ) ,  and t h i s   r o l e  i s  d i scussed   i n   de t a i l  -in a subsequent 



sect ion  ent i t led  nDiscussion  of   Resul ts .  
The three panels  with  screws  cast   in  the 
corrugations and aluminum edge p l a t e s  
are shown in   f i gu re  9.  

panel 
Test apparatus and procedure.- 
-s were supported a t   d iagonal ly  

The 

opposite  corners, and  an aluminum rod 
was suspended  from the  other  two cor- 
ners.  Loads were applied  by  adding  lead 
sho t   t o  a bucket  hanging  from  the  center 
of  the aluminum rod. 

Nine d i a l  gages  having a s e n s i t i v i t y  
of 0.0001 inch were used t o  measure t h e  
twist of the  panel. The e l ec t r i ca l   sys -  
tem of  measuring  deflections  noted  in  the 
sec t ion   en t i t l ed  "Experimental  Verifica- 
t i o n  of Formula f o r  DX" could  not  be 

the  panel  on i t s  supports. When the  
e lec t r ica l   t echnique  was used, small d is -  
turbances,  such as d i a l  gage contact and 
vibrat ions,   caused  the  panel   to   rotate  

plates) used to measure Dxy. s l i g h t l y  about the  l ine  connecting  the 
two supports  during  individual  dial-gage 
readings. However, when a l l  t h e   d i a l  

gages made contact  with  the  panel a t  the  same time, the  panel  was s t ab i l i zed  and 
did  not  rotate  while  the  dial   gages were being  read. The forces  applied by dial- 
gage contact were nevertheless  negligible.   Figure 10 shows a typ ica l  specimen 
and t e s t   s e t u p  used i n   t h e   t o r s i o n   t e s t s .  

- =-- . *  . * "  used  here  because  of  the  instabil i ty of . .  
- " . ,,., ", . ., 2.J: t-&&+;:: 

Figure 9. - Specimens  (including  edge 

Loads were appl ied   in  ?-pound increments up t o  a maximum of  25  pounds. 
Deflections of the  panel were measured a t  the  nine  points shown in   f i gu re  11. 
From t h e  measured def lect ions,  which were l inear   across   the   pane l   in   the  x- 

and y-directions,   the  angle of twist per   uni t   length - was computed. The 

tw i s t ing   s t i f fnes s  was then  obtained from the  formula 

a2w 

ax  ay 

where the   twis t ing  moment i s  equal  to  one-half   of  the  torque  divided by 
the  width  of   the  cross   sect ion  res is t ing  the  torque,  or ,  equivalently, 
i s  equal   to   one-half   of   the   load  act ing at each  corner.  (See ref. 3. ) 

S Y  
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Figure 10.- Typical specimen and t e s t  setup used for measuring DXy. 



Figure 11.- Location of dial gages on 
tors ion  specimens. 

Discussion  of  results.- Comparisons 
of  the  experimental and theo re t i ca l  V a l -  
ues  of Dxy are as follows: 

For  the small vee, 

(Dxy)th = 4,749 in- lb  

For the  large  vee,  

( Dxy)th = 5,934 in-lb 

For  the  square, 

(Dxy)th = 6,244 in-lb 

For  the  small-vee  corrugation  pattern  the  theoretical   result  i s  conservative  by 
7 percent,  and for   the  large-vee  pat tern  the  difference between theory and experi- 
ment i s  l e s s   t han  2 percent. 

A more thorough  discussion i s  required  in   order   to   understand  the  resul ts  of 
t he  tests on the  square  corrugation  pattern.  The s t i f f n e s s  measurements on the 
vee-shaped  corrugations were e s sen t i a l ly  independent  of  whether the nuts on the  
edge-plate  mountings were t ight  or  loose.   For  the  square  corrugation  pattern,  
on the   o ther  hand, large  var ia t ions  in   the  apparent   tors ional   s t i f fness1 were 
measured  and  depended on the  t ightness  of  the  nuts.   For  instance,   in tests i n  
which the  edge-plate  connections  were  loose,  values  of  the  apparent  torsional 
s t i f f n e s s  as low as 2,900  in-lb  were  obtained on the  square  corrugation specimen. 
The experimental  value  reported  above,  5,750  in-lb, was obtained from a specimen 
having  tight  edge-plate  connections and  having  screws  cast in   every   ce l l ,   ra ther  
than  in   every  other   cel l   as  shown in   f i gu re  9. 

The square   pa t te rn   fa l l s   in to  a category  of  shapes  for which special   pre- 
cautions must be taken   to  comply wi th  res t r ic t ion  (2)   discussed under  "Specimens." 
The f l a t  portion between the  corrugation  cells   appears t o  be   s ign i f i can t   i n   t h i s  

'Since Dxy i s  a s t i f fness   assoc ia ted   wi th  a deformation  which  conforms t o  
r e s t r i c t i o n s  (1) and (2 )   s t a t ed   i n   t he   s ec t ion   en t i t l ed  "Specimens," a measured 
s t i f f n e s s  based on overall  deformations which do not conform t o   t h e   r e s t r i c t i o n s  
i s  referred t o  as the  ' 'apparent"  value  of DXy. 



regard. Under tors ional   loads  the  defor-  
mation  of  the f la t  portion may be par- 
t i a l l y  independent  of  the  deformation  of 
t h e  cells. The panel as a whole, t he re - .  
fore,  may have a larger  angle  of twist 
than  the  individual   cel ls .   This   s i tua-  1 "i ' /  \." - /~-------"-- ' /  \.-A T""" ' /  '.J 
t i o n  is  i l l u s t r a t e d   i n   s k e t c h  1 of a 
typical cross  section  of a panel  having 
a f l a t  portion between c e l l s .  The dashed 
outline  denotes  the undeformed shape  and 
the  solid  outline  denotes  an  exaggerated deformed shape  emphasizing the  possible  
difference  in  behavior between the  f l a t  portions and t h e   c e l l s .  With the   d i a l -  
gage techniques  used  in  this  investigation, it i s  l ike ly   tha t   angle  @ i s  meas- 
ured  although  the  cells   rotate  only  through  the smaller angle 0. 

Sketch 1. 

The edge plates  provided a reasonably  effective means for  el iminating  the 
independent  action  just  discussed. The connections between the  panel and  edge 
p l a t e s  were  such that   nuts   could be  used t o  t igh ten   the  edge plates   against   the  
corrugat ion  cel ls .  When the  connections  were  t ight,   rotation  of  the edge p la tes  
forced  the  cells  having  connections  to  rotate  also,  but,  because  of  unavoidable 
slippage,  not  necessarily  through  the same angle as the  edge p l a t e s .  This s l i p -  
page,  even when the  connections  were  t ight,  may account   for   the  fact   that   the  
experimental  value  of DXy for  the  square  corrugation specimen was 9 percent 
lower  than  the  theoretical   vaiue.  

Since  the  s t i f fness  measurements  on the  panels  with  the vee-shaped  corruga- 
t i ons  were not  affected  by  the  degree  of  t ightness  of  the edge p la tes ,  it 
appeared  that  additional  experimental  information on the  influence of f l a t  por- 
t i ons  between the  cel ls   could be obtained  by  testing a panel  consisting of  
a l te rna t ing  vee-shaped  corrugations and f l a t  portions.  Consequently, a panel was 
t e s t ed  which  had a cross-section  configuration as indicated  in   sketch 2. The 

external  dimensions  of  this  panel were 
similar t o  those  of  the  other  panels 
used in   t he   t o r s ion  tests. The r e s u l t  
o f   t h i s  tes t  was that   the   apparent   tor-  

7 sional  st iffness  with  connections  loose 
1- +" -r "+-I. - 

\ ,. 
'\ ' 

\ I  

\ '  $ 1  $' was about  three-fourths  of  the  apparent 
\ ;  I torsional  st iffness  with  connections 

\ #  

'?--Rows of spot welds t i g h t .  This resu l t   subs tan t ia tes   the  
idea   t ha t   t he   pa r t i a l ly  independent 
action  of  the f l a t  portions and t h e  
cells i s  an  important   factor   in   the  tor-  

sional  behavior  of  corrugation-stiffened  panels  which  have a f la t  port ion between 
corrugat ion  cel ls .  

Sketch 2. 



CONCLUDING REMARKS 

This  report   presents  theoretical   formulas  for  f ive  orthotropic  elastic con- 
stants  associated  with  pure  bending and pure twist f o r  a corrugation-stiffened 
panel. The constants are the   bending   s t i f fnesses   para l le l   to  and  normal t o   t h e  
corrugation  direction (DX and Dy), the   twis t ing   s t i f fness  (Dxy), and the  
Poisson's  ratios  associated  with  bending (px and py). Theoretical  values  of 

DX, Dy, and D are compared with  experimental   resul ts   for   three  corrugat ion 
pa t te rns  - two vee  shapes  and a square  shape - and generally showed good agree- 
ment. It i s  shown that  for  corrugation-stiffened  panels  typical of p rac t i ca l  
construction,  the  product p p i s  very small compared with  unity.  

XY 

X Y  

Langley  Research  Center, 
National  Aeronautics and  Space  Administration, 

Langley  Station, Hampton, V a . ,  November 21, 1962. 
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APPENDIX A 

DERIVATION OF FO€MULA FOR & 

The panel  bending  st iffness % is  simply  the  bending  st iffness  per  unit  
width  of a beam having  the  cross-sectional shape shown i n   f i g u r e  2. When the  
panel i s  considered 
each  element  of  the 

DX = P 

t o  be made up of a se r i e s   o f   ce l l s  and the  contr ibut ions of 
cross sect ion are totaled,   the   fol lowing 

+ (7 - gpa + b1.J + b[ 2Ec (a + 12 i)tc3 + 

equation i s  obtained: 

( e l  + q 2 ( a  + i ) t c  

+ 2tcelr12sin e + e12r18tc + 2 k3sin2e + cos2e 
12 

2 
+ (tP + 2 +  3 + s i n  e t C k - 3) kt, + tcq3(g + + 2tce2r22sin 8 

where 

- P tp(b +a) + (a + i)tc + r l e t ,  + ktc  + r2Btc + g t c  
EC 
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APPENDIX B 

DERIVATION OF FORMULA FOR Dy 

A s ing le   ce l l  of a corrugation-stiffened  panel under pure  bending i s  shown 
i n  figure =(a). A s  indicated,   each  cell  must c a r r y   t h e   t o t a l  bending moment 
appl ied  to   the  panel .   In   this   der ivat ion,  the term "p la t e"   r e f e r s   t o   t he  f la t  
cover   plate   to  which the  corrugation is  attached and the  term "panel"   re fe rs   to  
t he  composite  structure. A t  the weld l i ne ,  where the   p l a t e  i s  joined  to   the  cor-  
rugation,  the moment i s  d i s t r ibu ted   t o   t he   co r ruga t ion  and t o   t h e   p l a t e   i n  pro- 
po r t ion   t o   t he i r   r e spec t ive   s t i f fnes ses .  The p l a t e  and the  corrugation are now 
t r ea t ed  as separate  structures  each  having i t s  own force system  and  deformation 
as shown i n  figure l2(b) .  The curvature   in   the  x-direct ion  resul t ing from My 

i s  considered  to  be zero. The forces  
and deformations  are   re la ted  in   the C b )  I My (7 c*3 171 following way: 

(1) The s lopes  of   the   plate  and 
I corrugation are equal a t  the  weld l i n e .  

( 0 )  (b) (2).  The extensions of t he   p l a t e  
(a) Undeformed (b) Loads and 
composite cell deformations of 
with loading. cell components. l i n e .  

and corrugation are equal a t  the  weld 

Figure 12.- Loading on corrugation cell. (3)  The moment car r ied  by the  cor- 
rugat ion  plus   the moment car r ied  by the  

plate  equals  the moment carr ied  by  the  panel ;   that  i s ,  

& + % = M y  (B1) 

(4) The slope a t  the  weld l i n e   f o r  each  element is t h e  same as the  slope of 
the  panel which i s  determined  by Dy and %. 

( 5 )  Equal  and  opposite  (in-plane)  loads P a c t  at t h e  weld l i n e .  Symmetry 
and overal l   equi l ibr ium  of   the  plate   or   corrugat ion normal t o   t h e   p a n e l   d i c t a t e  
that no normal forces   ac t  a t  t h e  weld l i ne .  

The corrugation i s  analyzed f i rs t .  The bending strain  energy U caused  by 
the  loads P and moments M, i s  computed. The slopes and extensions  caused  by 
bending are then  obtained  by  taking  the  appropriate   par t ia l   der ivat ives  of t he  
strain  energy. The s t ra in   energy is calculated from 

U = 1 (Moment) ds 2 

2% 

where D, i s  the  plate   bending  s t i f fness   of   the   corrugat ion material, and t h e  
integrat ion i s  taken over the  corrugation  cross  section.  In  equation  (B2),  

22 
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D, rather than ( E I )  i s  used  because  the  bending is considered t o  be  cylin- 

d r i c a l ,   t h a t  is, - = 0. If the  corrugation is  divided  into  elements AB, BC, 

CD, DE, and El?, as shown i n   f i g u r e  13, the   contr ibut ion of each  corrugation 

a 2 W  

ax2 

element t o   t h e   s t r a i n  energy is  given 
by the  following  equations  for  the  case 
i n  which the  panel  has  only a s ingle  
weld (a = 0) : 

For  element AB, 

i 2  
Mc dY (B3)  

For  element BC, 

L g  

F e 
U = L  pc-l?rl(l- cos "'3 rl de 

2 

Figure 13.-  One-half of a single-weld- 2% 
line-type  corrugation c e l l  (a) 
(appendix B) . 

For  element CD, 

For  element DE, 

For  element EF', 
U - ' L g ( M C - P d ) d y  2 

2% 



Expanding, integrating, and total ing  these  contr ibut ions  gives  

U = Lk$i + rlMc 2 8 - 2McPr12(8 - s i n  8 )  + P - 2 sin 8 + s i n  28 
2% 4 

+ h 2 k  - 2P&(j. + $ s i n  e) + $(j2k + jk2sin 8 + 3 

- 2r2MCP(ne - r2e cos 8 + 2-2 s i n  e) + r2P n 0 - 2nr2B cos 0 + 2nr2  sin 0 
2112 

+ g ( 3 e  - 3 s i n  e COS e - 28 sin28( + q 2 g  - 2McPgd + &I2 1 
According to   Cas t ig l i ano ' s  theorem, the  s lope of the  corrugation a t  the  weld 

l i n e  i s  given  by - - au where the   s ign  i s  determined from the  coordinate  system a% 
shown i n  figure 13. The slope of t h e   p l a t e  a t  the  weld l i n e  i s  given  by 

and,  because  of t he  weld, i s  equal   to  the  slope of the  corrugation a t  the weld 
l i n e .  Thus, 

Mpb 
-Dp 

Another  equation  can  be  obtained  by  equating  the  extensions of the  corruga- 
t i o n  and p l a t e  at the weld l i ne .   In   t h i s   ana lys i s ,   on ly  the corrugation  exten- 
sion  caused  by  bending i s  considered and the   p la te   ex tens ion  i s  neglected. This 
assumption seems just i f ied because  extensions  caused  by  direct   strains  in  the 
plate are of t h e  same order of magnitude as the  extensions  caused  by  direct 
strains  in  the  elements  of  the  corrugation. The d i rec t   s t ra ins   in   the   cor ruga ,  
t ion  elements  are  negligible compared with  the  bending  deformations. However, 
when the  depth d of the  corrugation i s  small, the  extensions  caused by d i r ec t  
s t r a i n s  have t o  be considered. 
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The  extension of the  corrugation  at  the  weld  line is given  by - aU 

Equating  the  extensions of the  corrugation  and  plate  at  the  weld  line  gives 
aP’ 

k + jk sin 9 + k3 sin$) - r2Mc (ne - r29  cos 9 + r2  sin 9) 
2 

T 
2 

8 - 2nr29 cos 9 + 2nr2 sin 9 + - r2 (39 - 3 sin 8 cos 9 - 28 sin20)] 
2 

7 
- Mcgd + Pgd 

= o  

Grouping  the  coefficients of P and M, yields 

P = &  

where 

r12(9 - sin 9)  + jk + - sin 9 + r2 (ne - r2e cos + r2  sin e) + gd 

H = I  
k2 
2 

r13(z - 2 sin 9 + sin 29 + j2k + jk2sin 9 + - k3 sin 2 8 + r2n 2 9 

- 2nrZ29  cos 9 + 2nrZ2sin 9 + “(39 rz3 - 3 sin 9 cos 9 - 29 sin28) + gd2 

) 4 3 

2 

( B12 ) 

Substituting & for P in  equation (Bg) gives 

where 
P 

rl + r2) + k + g - H r12(9 - sin 9)  + jk 1 
2 + 5 sin 9 + r ne - r29  cos 9 + r2 sin 9) + gd 4 1 



Because the  curvature   in   the  x-direct ion is  consfdered  to  be  zero,  the moment- 
curvature   re la t ionship  for   the  panel  i s  

By considering - t o  be  constant and by subst i tut ing  the  expression  for  a 9  % given by equation ( B l 5 )  into  equation (s16), the  slope of the  panel at the  
weld l i n e  i s  given  by 

Equating  the  slopes  of  the  corrugation and panel at the  weld l ine   g ives  

where Dyl is  the  bending  s t i f fness   per  unit width  of  the  panel i f  the  dimen- 
sion a equals  zero,   that  i s  fo r   t he   ca se   i n  which the  panel  has a s ingle  weld 

l ine   ins tead  of a double  weld line.  Equation (~18) can  be  solved f o r  DY ' 
- Wxc'y 

to   g ive  

For t h  .e case  in  which the  panel  has a double  weld l i n e ,  t h  Le dimen s i o n  a 
does  not  equal  zero, m d  the  segment of length 2a has t o  be  considered. This 
segment i s  treated as a composite beam. The loca t ion   of   the   neut ra l   ax is   for  
such a beam is as follows  (see ref. 9 )  : 
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where z is the dis tance from the  outer   surface of the p l a t e   t o   t h e   n e u t r a l  
axis as shown in  sketch 3. 

i. 

The bending s t r a i n   a t  a distance z 
1 

t 2 

- 'p from the neut ra l   ax is  is given by EP 
z 7 

Nsutrol axis -I-- 4 --+ tl 

€y - - - z  
r Y 

-20 where r is the  radius  of curvature   in  
Y 

Sketch 3. the  y-direction. 

Again, when bending is considered t o  be  cylindrical ,   the  bending  strain 
equals  zero.  Therefore,  with  the  use of  Hooke's law and equation (B21) ,  the  
bending stress i n  the y-direction is given  by 

uy = Ez (B22) 
(1 - A r y  

The normal s t resses   d i s t r ibu ted   over  the ends  of  the segment must produce 
couples  equal t o   t h e   a p p l i e d  moment, o r  

- 
Z 

bcz dz + uPz dz 
z- tp- tc  

where Uc is the stress in   the   y -d i rec t ion   ac t ing  on the corrugation  and up i s  
t h e  stress in   the   y -d i rec t ion   ac t ing  on the p la t e .  

Substi tuting  equation (B22) into  equation (B23) and  using  the  appropriate 
yalyes of .E and p gives 

By comparing  equaf,ion (B24) with  the well-known  moment-curvature re la t ionship  
for cylindrical   bending  of  isotropic  plates,  that i s  



the  bending  stiffness of the  segment  between  weld  lines  can  be  defined  as 

where Dy" is  the  bending  stiffness  per  unit  width  of a beam  cut  from  the  seg- 

men+ of length  2a.  After  performing  the  integration, - c L ~ y  is given  as 
Dyff 

Ep 
+ "(5 - 3%; + ,Ap) 

For  the  case  in  which  the  cover-plate  material  is  the  same  as  the  corruga- 
tion  material, 

The  change  in 
is given  by 

The  change  in 
cell  is 

slope  between  the  end  and  the  center of the  segment  of  length  2a 

slope  between  the  weld  line  and  the  center  line of the  corrugation 

The  total  change  in  slope  between  the  center  of  the  segment of length  2a  and  the 
center  line  of  the  corrugation  cell is the sum of  expressions (B29) and (B3O) : 
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Dividing  expression (B3l) by one-half  the  pitch  gives  the change in  slope 
per  unit length.  Since  the change in   s lope  per  unit length i s  a l so   equal   to  

"M, there  results 
% 

MY 
% = -  aMz b ( .  + +) 

The bending s t i f fnes s  Dy i s  then  given by 

D ~ -  a 
- a + b  
-+7 b 
Dy" Dy 

where %" i s  given by equation (B27) o r  ( ~ 2 8 )  and %' i s  given  by equa- 
t i o n  (Blg). It i s  shown i n  appendix D t h a t  f o r  a corrugation-stiffened panel, 
t he  product p s Y  is  usually small compared with  unity and  can  be neglected  in 
the  computation of and gr". 



APPENDIX c 

DERIVATION OF FORMULA FOR Dxy 

It was mentioned i n  the body of t h i s  report  that a corrugation-stiffened 
panel might be  considered as a ser ies   o f   ce l l s .  Each of t h e s e   c e l l s  has the 
t o r s i o n a l   r i g i d i t y  G J  of a thin-walled  tube. The torsion-twist   relationship 
f o r  a thin-walled tube i s  given  by 

where 

T t o t a l   t o r q u e  on a c e l l  

w t o t a l   t o r s i o n a l   r i g i d i t y  of a c e l l  

0 2  angle  of t w i s t  per   uni t   length  of  a c e l l  

The torsion-twist   relationship  can  also be expressed as 
" 

T = GJ02 

vhere the  bars   ind ica te   tha t  the quant i t ies  T and GJ are divided  by the width 
of  the  cross  section  considered. 

The tors ion- twis t   re la t ionship   for   an   o r thot ropic   pane l  i s  

The torque  per   uni t  width i s  considered t o   a c t  on only two edges  of a rectan- 
gular orthotropic  panel whereas, t o  be consis tent  with the d i f fe ren t ia l   equa t ion  
f o r  lateral  def lect ions,  the twis t ing  moment Mxy i s  cons idered   to   ac t  on a l l  
four edges.  Therefore,  for the same deformation t o  take place,   the  torque  per 
unit width must equal  twice the twist ing moment Mxy. A comparison of  equa- 
t i o n s  ( C 2 )  and (C3) then  yields  

- 
GJ 

Dxy - 2 - 

where 

- 
G J =  4A2 = Torsion  constant  per unit width of cross  section  (from Bredt 

theory, see ref. 10) 
( c5 )  



J 

i n  which 

A area enclosed by cor ruga t ion   ce l l  
(see sketch. 4) , 

I 
ds elemental   length  along  center  l ine 

of sheet making up corrugation 
c e l l  

t thickness of sheet  associated L- 2gJ 

with  ds 
Sketch 4. 

p p i t ch  of corrugation  pattern 

The in t eg ra l  i s  taken  along  the  center  l ine of the  corrugat ion  cel l .  The 
shear modulus G is  retained  inside  the  integral   to   account   for   the  possibi l i ty  
of d i f fe ren t  materials f o r   t h e   p l a t e  and corrugation. The area A i s  given  by 

The in t eg ra l   dong   t he   cen te r   l i ne  of the   cor ruga t ion   ce l l  i s  given  by 

Substi tuting  equations ( ~ 3 )  t o  ( ~ 7 )  into  equation (~4) gives 

2 

- P 8 + ( r 2 2 - r 1 2 ) 3  0 



APPENDIX D 

DERIVATION  OF  FORMULAS  FOR px AND py 

For small deformations, px may be  defined as t h e   r a t i o  of the  panel  curva- 
ture in   the   y -d i rec t ion   to   the   pane l   curva ture   in   the   x -d i rec t ion  when the  moment 
Mx i s  the  only  loading on the  panel.  The def in i t ion   o f  py i s  obtained  by 
interchanging x and y in   t he   de f in i t i on   o f  px. J u s t  as in   the  case  of   iso-  
t rop ic   p la tes ,   these   def in i t ions   o f  px and  py are applicable  only when t h e  
deformations are small. 

An expression  for  px i s  obtained  by  use of a method which has some similar- 
i t i e s  t o   t h a t  used in   t he   de r iva t ion  of Dy. Consider a rectangular  corrugation- 
s t i f fened  panel  and assume the  plane x = 0 passes  through  the  center of the  
panel.  (See  fig. 1. ) A moment Mx is assumed t o  be  appl ied  to   the  panel  and 
y i e lds  a curvature K in   the   x -d i rec t ion .  The curvature  in  the  yz-plane, which 
i s  independent  of  x, i s  calculated and this  curvature  divided  by K i s  the  
Poisson ' s   ra t io  px. In   order   to   calculate   the  curvature   in   the  yz-plane due t o  
M,, the  corrugation and p l a t e  which  comprise the  panel are f irst  considered t o  be 
separated at the  weld l i n e s  and to   act   independent ly .  The ax ia l - s t r a in   d i s t r ibu -  
t ion  caused  by Mx i s  appl ied   to   the   cor ruga t ion  and p la te ,  and t h e i r  deforma- 
t ions   a re   ca lcu la ted  at x = 0. It i s  found that  redundant  forces and moments 
are necessary   to  match up the  extensions  in   the  y-direct ion and the   s lopes   in   the  
yz-plane a t  the  weld l i n e s .  These forces  and moments are  also  determined  by  the 
use  of  Castigliano's  theorem as was done in   t he   de r iva t ion  of  Dy. The other  

bending  Poisson's  ratio py can  be  determined  from  the  relation 3 = - which 

can  be  derived from the  theorem  of  reciprocity.   (See  ref.  3.) 
Dy DX 

Deformation  of  Corrugation 

A moment Mx ac t ing  on the  corrugat ion,   f igure 14(a), i s  assumed to   g ive  a 
l i n e a r   s t r a i n   d i s t r i b u t i o n  as shown in   f i gu re   14 (b ) .  If the  corrugation 
and p l a t e  are separated, moments M and loads P a c t  at the  weld l i n e  as shown 
in   f i gu re   14 (c ) .  The corrugation, which i s  considered  to have a s ingle  weld l i n e  
at present,  i s  analyzed first. Figure 15 gives  the  dimensions  of  the  corrugation 
c e l l  and divides   the  cel l   in to   e lements  AB, BC, CD, DE, and ET. For a l l  elements, 
t he  axial s t r a i n  i s  considered  to  be  uniform  through  the  thickness tc or 
tp and e q u a l   t o   t h e   a x i a l   s t r a i n  of the  middle  surface of the  element. The 
deformation  of  the  corrugation  caused  by  the axial s t r a i n  ex is  now considered. 

Element AB.- The axial s t r a i n  ex i n  element AB i s  given  by 

= -K(el + rl) 



yl z 

xlz 

( x  = KZ 

M M 

(a) Undeformed composite 
cell with Ux loading. 

(b) Strain dietribution 
resulting from U,. 

(c) Loading at weld line 
and deformations of 
cell component 8. 

Figure 14.- Loading on corrugation cell. 

k-  
t---Weld line 

Figure 15.- One-half of a single-weld- 
line-type corrugation cell 
(appendix D) . 

where K i s  the  primary  curvature 
resu l t ing  from s. Considering ci 
t o  be  zero and us ing   the   s t ress -s t ra in  
re la t ions   for   p lane   s t ress   g ives  

Y 

The extension of element AB i n   t h e  
y-direction i s  then  given  by 

Element BC.- Element BC i s  analyzed 
as a sector  of a cylinder deformed  by a 
uniform axial load and a bending moment. 
Coordinates and displacements axe shown 
in   ske tch  5 .  

Neutral axis 

Sketch 5. 
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The  strain-displacement  relationships  for  element BC are 

The  strain  is  given  by 

= -K(el + rl  cos @) 

Thus,  from  equation (D4)  

el + rl  cos @) + f(@) 

where VI( 8) is an arbitrary  function of @ only.  Since  all  strains  are 
assumed  to  be  functions  of @ only,  examination  of  equations (D5) and ( m )  leads 
to  the  conclusion  that  Wr  must  be  of  the  form 

where  w1(@)  is an arbitrary  function  of @ only.  Since CJ @ = ? = o  at @ = o  
and @ = 8, it  can  be  shown  from  the  equations  of  equilibrium  that a@ = = 0 
everywhere  in  this  element.  This  information  provides  two  relations  from  which 
expressions  for vl(@) and  wl(@)  can  be  obtained.  By  using CJ@ = 0 and  the 
stress-strain  relations  for  plane  stress,  there  is  obtained 
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and subs t i t u t ing   fo r  E@ and  from equations ( D 5 )  and ( D 7 ) ,  respectively, 
y ie lds  

'1q r l  
av - 3 - pcK(el + rl  cos a)  = 0 

Substi tuting  the  formulas  for v and W r  from equations (D9) and ( D l O ) ,  respec- 
t ively,   into  equation ( D E )  g ives   the f irst  re la t ion :  

The second re la t ion  is  obtained from 9 = 0 and  from the  moment-curvature 
re la t ion  

= -Dc( X# + pcXx) = 0 

where 

a2wr x, = - 
ax2 

Substi tuting  equations ( D l 5 )  and ( ~ 1 6 )  into  equation ( D 1 4 )  gives 

Again  using  equations ( D 9 )  and ( D 1 0 )  f o r  v and wr, respectively,   yields  the 
second re la t ion :  

Substi tuting  the  formula  for 2 from  equation ( D 1 3 )  into  equation ( D 1 8 )  gives 

+ pcrlK(el + rl  cos @) + - = pcK cos # 
a#* 



o r  

When equation (D20) i s  solved for wl and the  result i s  subs t i tu ted   in to  equa- 
t i o n  ( D l O ) ,  the  following  equation  results:  

wr = c 1  s i n  # + c2 cos @ - pcrlKel - - Kx2 cos @ 2 

Similarly,   using  the  solution  to  equation (D20) in  conjunction  with equa- 
t i ons  ( D l 3 )  and (D9) y ie lds  

where c1, c2, and  c3 are  arbitrary  constants  representing  r igid-body dis-  
placements i n   t h e  x = 0 plane. The quant i t ies  of i n t e r e s t   i n   t h i s   a n a l y s i s  are 
the   r e l a t ive   ro t a t ion  of  one end of element Bc with  respect t o  the  other  end i n  
t h e  x = 0 plane  and  the  extension  of  the  element  in  the  y-direction  in  the 
x = 0 plane. These quantities  can  be  obtained  by  ignoring  rigid-body  displace- 
ments. By s e t t i n g  c1 = c2 = c3 = x = 0 in   equat ions (D21) and  (D22), it can  be 
seen  that   there  i s  no r e l a t ive   ro t a t ion  of t he  ends of  t he  element; t h a t  is, 

x=o 
= 0. The extension  of  the  element  in  the  y-direction i s  

62 = - ( s i n  8)wr + ( C O S  e)v 

x=o x=o 

o r  

62 = pcrlKel   s in  8 + p C K q  2 s i n  8 cos 8 

Element CD.- The a x i a l   s t r a i n   i n  element CD i s  given  by 

EX = Kz (D25 1 

By considering  the  in-plane stress in  the  E-direct ion  to   be  zero ( ag = 0) and  by 
us ing   the   s t ress -s t ra in   re la t ions   for   p lane  stress, there  results 

EE = -pcKz (D26) 



The total   e longat ion  in   the  E-direct ion  f rom  point  C t o   p o i n t  D i s  given  by 

The ex tens ion   in   the   y -d i rec t ion  i s  given  by 

83 = 6 cos e E 

o r  

e l  + rl  cos 8 )2 - (e2 + r2  cos e 

Element DE.- The equat ions  for  v and W r  for  the  lower  arc  (element DE) 
a r e  similar to  those  of  the  upper  arc  (element X ) .  The only  differences  are   the 
subst i tut ions  of  -e2 f o r  el and r2 f o r  rl. Angle @ i s  measured  from the  
same reference  l ine as f o r  the  case  of  the  upper  arc.  Displacement W y  i s  posi- 
t i v e  toward the  center  of  curvature  of  element DE. When rigid-body  displacements 
are  ignored, 

W r  = pcr2Ke2 - - COS $ Kx2 
2 ( D 3 0  1 

A s  before,   the  relative  rotations  of  the  ends  of  the  element  are  zero.  The 
extension  in   the  y-direct ion i s  given  by 

or 

84 = -pcr2Ke2 s i n  8 - pcKr2 s i n  8 cos 8 2 

Element ET.- The axial s t r a i n   f o r  element EF i s  given by 

= K e2 + r2) ( 
If by is considered  to  be zero, 
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The  extension 65 of element EF is  then  given by 

65 = -ClcK@;(e2 + 12) 

Analysis  of  Redundant  Loads  and  Moments 

In order  for  the  corrugation  and  plate to have  equal  slopes  and  extensions 
at  the  weld  line,  equal  and  opposite  redundant  moments M and loads P act  at 
the  weld  line.  The  deformations  caused  by  these  loadings  are  considered  .to  be 
independent  of  the  deformations  caused  by  the  linear  strain  distribution E ~ .  

The  extension of the  corrugation  in  the  y-direction  caused  by  moments M and 

loads P is  given  by - where U is  the  strain  energy of the  corrugation  due 

to  bending.  An  expression  for - is  given  by  equation (B10). 

au 
ap' 

dU 
ap 

The  total  extension  of  the  corrugation 6, is  given by 

The  extension of the  plate % is  given  by 

Equating  the  extensions of the  corrugation  and  plate  at  the weld.line gives 

n=l 

where 

If, in equation (BlO), & is  replaced  by M then - can  be  expressed as a' 
linear  combination  of M and P as  follows: 

ap 

32 = 4, + Ulp) 
ap D, 



where -A i s  the  numerator of H and @ is  the  denominator of H. (See 
eq. (BI-2). 1 

Let 

where 

+ cot e [e1 + rl cos e> 2 - (e2 + r2 cos e ) 2 ]  - pcr2e2  sin e 2 

- p,r22sin e cos e - ppb(y - %) 
Upon subs t i tu t ion  of equations ( D 4 1 )  and (D42) into  equation (D39), the  following 
equation i s  obtained: 

Kc = - l /m + @P) 
D C  

(D44) 

o r  

p = -  DcKC + AM 
# 

Since 4 = -H, equation (D45) becomes 0 

Inasmuch as the deformation  caused  by  the  l inear  strain  distribution due t o  
Mx makes  no contr ibut ion  to   the  s lope,   the   s lope of the corrugation a t  the weld 

l i n e   ( r e l a t i v e   t o   t h e   s l o p e  a t  the   cen te r   l i ne  of t h e   c e l l )  i s  given  by -- alJ 3M 
where a counterclockwise  rotation is  considered  positive. An expression  for 

aM 
i s  given  by  equation (B9) by  replacing 1% by M. The slope of t he   p l a t e  

a t  the  weld l i n e  i s  given  by m. Equating  the  slopes of the  corrugation and 

p l a t e  at the  weld l ine   g ives  
DP 
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From equation ( B 9 ) ,  can  be  expressed as a l i n e a r  combination of M and P 

as follows: 

where 

R = i + 0 ( r l  + 1-2) + k + g 

Substi tuting  the  formulas f o r  P and a f rom equation (~46) and  equa- 

t i o n  (D47), respectively,   into  equation (D48) yields  
dM 

Solving  equation ( ~ 5 0 )   f o r  M gives ICDP 

Equation ( D 5 l )  can  be  simplified  by  noting  that A = -H and from equation (€314) @ 

R + NI = X. Since i s  t h e   r a t i o  of ant ic las t ic   to   pr imary  curvature ,  equa- 

t i o n  (D5l) determines px i f  the  panel i s  of the  single-weld-line  type.  For  the 

purpose  of  dist inguishing  this type from a double-weld-line  type,  the  Poisson's 
ra t io   given by  equation ( D 5 l )  i s  designated px-; t h a t  is ,  

I(Dp 

where H, C, and X are  given  by  equations (B12),  (D43), and (B14), 
respectively.  

If the  panel  i s  constructed  with a double  weld l i n e ,   t h e  segment  between 
weld l i n e s  must be  considered.  (See  fig. 2. ) The extension  of  one-half  the 
cover  plate between  weld l i n e s  i s  given  by 
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The extension of one-half  the  corrugation  between weld l i n e s  i s  given  by 

CLcb(e1 + '1) 

The curvature of t h i s   s e c t i o n  i s  simply  the  difference between the  extensions  of 
t h e   p l a t e  and the  corrugation  divided  by  the  distance between the   cen te r   l i nes  
of t h e   p l a t e  and corrugation and by  the  dis tance a. The r a t i o   o f   t h i s  curva- 
ture t o  K i s  designated px2 and i s  

(Pp - PC) (e1 + rl) 
t p  + t c  

Px2 = Pp + 2 

The r a t i o  of ant ic las t ic   curvature   to   pr imary  curvature   for   the  ent i re   panel  i s  
then 

- bpx1 + "PX2 
Px - b + a  

where pfl and pfl are given  by  equations (D52) and ( D 5 5 ) ,  and a and b a r e  
dimensions shown i n   f i g u r e  2. By us ing   the   rec iproc i ty   theorem  for   e las t ic  
s t ructures ,  py i s  obtained as follows: 

- uY 
P y  - px D, 

For a corrugat ion-st i f fened  panel ,   the   ra t io   of  Dy t o  DX i s  usually very 
small so t h a t  py i s  very small. Although px may not  be small compared with 
unity,  the  product pxpy i s  usual ly  small compared with  unity.  For example, t he  
product pxpy i s  l e s s   t han  3 x fo r   t he   t e s t   pane l s   cons ide red   i n   t h i s  
repor t   ( see   t ab le  11). 
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